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Abstract. We give a characterization of non- hyperbolic pseudoconvex 
Reinhardt domains in C 2 for which the answer to the Serre problem is 
positive. Moreover, all non-hyperbolic pseudoconvex Reinhardt domains 
in C 2 with non-compact automorphism group are explicitly described. 

I. Statement of result 

Throughout this paper the class of Stein domains D for which the answer 
to the Serre problem is positive (with the fiber equal to D) is denoted by 
6, i.e. D G & if for any Stein manifold B, any holomorphic fiber bundle 
E —7- B with the base B and the Stein fiber D is Stein. In 1953 J-P. Serre 
raised a question whether all Stein manifolds are in &. 

Despite many positive results the answer to the Serre problem is in gen- 
eral negative. Actually, Skoda proved that C 2 ^ & (see [SkoJ). The coun- 
terexamples with bounded domains as fibers were found by G. Coeure and 
J. -J. Loeb ( |Coe-Loeb] ) . In |Pfl-Zwo] P. Pflug and W. Zwonek gave a charac- 
terization of all hyperbolic Reinhardt domains of C 2 not in (3. Next K. Oel- 
jeklaus and D. Zaffran solved the Serre problem for bounded Reinhardt 
domains in C 3 . Recently a classification result for bounded Reinhardt do- 
mains of for arbitrary d > 2 has been obtained by D. Zaffran in |Zaf] . In 
particular, the case Cf, d > 2, may be deduced from this result (it follows 
easily from |Zafj . Main Theorem). 

In the paper we deal with non-hyperbolic Reinhardt domains in C 2 and 
we solve the Serre problem for them. The main goal is to show the following 

Theorem 1. Let D be a pseudoconvex non-hyperbolic Reinhardt domain. 
Then D ^ & if and only if C 2 C D or D is algebraically equivalent to a 
domain of the form 

(1) {(zi,z 2 )GC 2 : I^IN^v^l}, 
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where p, q G Q, q > 0, v /?Gl\Q. 

Remark 2. Note that for the pseudoconvex Reinhardt domain D the con- 
dition ClcD means that £> G {C 2 ,C 2 ,C x C*, C* x C}. 

The following result gives a description of non-hyperbolic pseudoconvex 
Reinhardt domains in C 2 whose group of automorphisms is non-compact. 

Theorem 3. Let D be a non-hyperbolic pseudoconvex Reinhardt domain in 
C 2 . Then the group Aut(-D) is non-compact if and only if the logarithmic 
image of the domain D contains an affine line or (up to a permutation on 
components) D is contained in C x C*, {0} xC»cD and \ogD = {(t, s) : 
t < ip(s), s G R}, where ip : R — > R is a concave function satisfying the 
property ip(/3-\-s) — ip(s) = a + ks, set, for some a, (3 G R, (3 ^ 0, G Z*. 

Remark 4. The examples of a functions ^ appearing in Theorem E] are the 
functions ij){s) = as 2 + bs + c, s G R, where a < 0, b, c G R. 

The author expresses his thanks to the referee for his valuable suggestions 
to improve the shape of the original paper. Also, I would like to express my 
gratitude to professor Wlodzimierz Zwonek for helpful discussions. 



Here is some notation. By D we denote the open unit disc in the complex 
plane. Let A(r,R) = {z G C : r < \z\ < R}, — oo < r < R < oo, 
R > 0. Note that if r > 0, then A(r, R) is an annulus. For simplicity we put 
A(r) = A(l/r, r), r > 0. Moreover, for a domain D in C n , the set D \ {0} 
is denoted by D*. 

For a Reinhardt domain D C C" we define 



log£> = {(xi,...,x n ) GR n : (e Xl , . . . , e Xn ) G £>}. 

It is well known that, for any pseudoconvex domain in C n , its logarithmic 
image is convex. 
Put 



2. Preliminaries 




and 



C(«) :=C(« 1 )x...xC(a n ), Q6(I"). 
Given a G R n and z G C(ct), we put z a = z* 1 . . . z%" \ 



0. Moreover, we 



define 



m 



<Pa{z) ■ 



= z 



A 



(z A \...,z 



), *eC(A):=r|C(itf), 



: We define 0° := 1. 
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where A = (.li), , , „ G Z mxn . 

Non-hyperbolic Reinhardt domains appearing in Theorem [1] have been 
characterized in the following way: 

Theorem 5 (see [Zwo] ). Let D be a pseudoconvex Reinhardt domain in C™. 
Then the following conditions are equivalent: 

- D is (Kobayashi, Caratheodory or Brody) hyperbolic; 

- D is algebraically equivalent to a bounded domain - in other words, 
there is an A G Z nxn with | det A\ = 1 such that (Pa{D) is bounded 
and ((Pa)\d is a biholomorphism onto the image; 

- log-D contains no straight lines and Dn (C J_1 x {0} x C n_J ) is either 
empty or hyperbolic (viewed as domains in C 71 ^ 1 ), j = 1, . . . ,n. 

In view of Theorem |5l non-hyperbolic pseudoconvex Reinhardt domains 
in C 2 not containing C 2 may be divided into two classes. 

The first one contains non-hyperbolic, pseudoconvex Reinhardt domains 
D such that D PI C 2 is hyperbolic. 

The second one consists of domains whose logarithmic images contain a 
straight line. One may prove that such domains are algebraically equivalent 
to 

(2) D a , r _, P+ := {( Zl ,z 2 ) G C(a) : r < \z x \ a '\z 2 \ a * < r + }S 

where a = (a%, a 2 ) G IR 2 , — oo < r_ < r + < oo, r + > . 

Definition 6. A domain D a r _^ r+ is called to be of rational type if ta G (Q 2 )* 
for some t > 0. 

Otherwise D a ^_^ r+ C C 2 is said to be of irrational type. 

It is clear that D a r -^ r + is algebraically equivalent to a domain of one of 
the following types: 

(a) Dp := {{z u z 2 ) G C x C(/3) : < 1}, (3 G R, 

(b) := {(.»!, ^) 6C«x C(0) : < \ Zl \\z 2 f < 1}, /3 G M> , 

(c) %:={(zi,z 2 )6CxC(^): 1/r < HH* < r}, /3 G M> , r > 1. 

Remark 7. Observe that any Reinhardt domain D a ^_^ + of rational type is 
algebraically equivalent to one of the following domains: 

(d) DxC, where T> is either a disc, a pointed disc or an annulus and 
Cg{C,CJ, 

(e) {(z,w) G C 2 : < 1}, where p, q G N are relatively prime, 

2 Note that replacing (ai,Q!2) by (— 0:1,0:2) allows us to add or to remove the axis 
{0} x C in the case when a.\ 7^ 0. In other words {(^i,z 2 ) G C* x C(«2) : r - < 
\ z i\ ai \ z 2\ a2 < r +}, where a\ > 0, o 2 £ K is also covered by this symbol (it is algebraically 
equivalent to D^ aitCC2 y r _ r+ ). If ol\ — 0, then D ar _ r+ = A(r_,r + ) x C. Moreover, 
A(r_,r+) x C* is algebraically equivalent to -D(i,-i), r _,r + ■ 
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(f) {(z, w) G C* x C : |z p ||iu 9 | < 1}, where p,q are relatively prime 
natural numbers, (p,q) ^ (1, 1). 

Proof. We will show that any domain of the form (a), (b), (c) with rational 
(3 is algebraically equivalent to one of the enumerated above domains. 
Domains of the form Dq, Dq and _Do,r are in (d). 

Note that domains of the form (e) may be written as Di. Moreover, 
domains of the form (f) are algebraically equivalent to D_i. Therefore any 
domain of the form (a) with ^ is of the form (e) or (f). 

Fix a rational f3 > and assume that f3 = p/q, where p and q are relatively 
prime natural numbers. There are m,n G Z such that pm + qn = 1. 
Observe that the mapping D* p 3 (z 1 ,z 2 ) ->■ (zfz%,z^ m z%) G O* x C* is 
biholomorphism. 

Similarly, one may show that Dp iT is algebraically equivalent to A(r) x C*. 
What remains to do is to observe that the set {(z,w)eC»xC: \z\ \w\ < 
1} is algebraically equivalent toDxC*. □ 

Our paper is organized as follows. In Section [3] we give the proof of 
Theorem [1] for Reinhardt domains of the form ([2]) of the rational type. 

Section 4 is devoted to solving the Serre problem for Reinhardt domains 
of the form (J2J) of irrational type. We obtain there a natural correspondence 
between the automorphisms of Reinhardt domains of irrational type and the 
famous Pell's equation. 

In Section we proof Theorem [T] for non-hyperbolic Reinhardt domains 
which are hyperbolic after removing the axes (C x {0}) U ({0} x C). 

It seems to us probable that the solution of the Serre problem for CxC t 
is known, however we could not find it in the literature, therefore in the 
last section we present ideas explaining how to easily extend the procedure 
used in I )vu\'2. to this domain. 

Finally, in Section [7] using obtained results we present the proofs of The- 
orem [1] and Theorem [3j 

Two following theorems providing us with some classes of domains for 
which the answer to the Serre problem is positive will be useful. The first 
of them is the so-called Stehle criterion. 

Theorem 8 (see [Mok2t IStej ). Let D be a domain in C n . If there exists a 
real-valued plurisubharmonic exhaustion function u on D such that u o / — u 
is bounded from above for any f e Aut(D), then D G &. 

Observe the Stehle criterion is satisfied among others by domains whose 
group of automorphisms is compact. 

Theorem 9 (see jMoklj ). Any open Riemann surface belongs to &. 
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Let us recall basic facts and definitions related to holomorphic fiber bun- 
dles which will be useful in the sequel. For more information we refer the 
reader to |Horj . 

Let E be an arbitrary holomorphic fiber bundle with the fiber X. The 
automorphisms of the form T a> p = r a or^ 1 e Aut((fi a nfig) x X), where r a , 
rg are trivializations (with associated domains OaXl^^xI, respectively) 
are so-called transition functions. It is clear that 

(3) r a ^ o Tp n = r a>7 on (O a HttpD fi 7 ) x X. 

On the other hand, having domains (fi a ) a and a family of functions 
( r a,f3)a,/3 £ Aut((Q a fl f2g) x X) satisfying the condition Q we may de- 
fine a holomorphic fiber bundle with the base B = [j a Q a and the fiber X 
by putting 



gluing the charts Q a x X via identification: (x a , z a ) ~ (xg, z^) if and only 
if x a = xp E £l a Pi f2g and T aj p(xp, zp) = (x a , z a ). 

Throughout this paper all holomorphic fiber bundles are understood to 
be of the form (jl]). 



We start this section with collecting the formulas for automorphisms of 
Reinhardt domains of rational type. Some of them may be found in [Jar-Pfl] 
and [SolJ. They may be also derived from the description of proper holo- 
morphic mappings between Reinhardt domains of rational type obtained in 
[Edi-Zwo] and [Koslj . As mentioned in Remark any rational Reinhardt 
domain is algebraically equivalent to a domain of the form (d), (e) or (f). 

Theorem 10. 

(1) The group of automorphism of the domain {(zi, 2 2 ) € C 2 : \z\Z%\ < 1} 
consists of the mappings 



where f e 0*(D) and 6 e E. 
(2) The group of automorphism of {(21,22) G C 2 : | ^1 1 1 ^2 1 < 1}; where p 
and q are relatively prime natural numbers, (p,q) 7^ (1,1), consists of 
the mappings of the form 




3. Rational case 



(21,22) -» (21/(21 2 2 ),e l z 2 /f(ziz 2 )) 



and 



(z 1 ,z 2 ) -> (22/(21 2 2 ),e l Zi/fiziZi)), 




SERRE PROBLEM 



6 



where a G 0*(B>), 9 G E. 
(3) The group of automorphism of the domain {(zi, z<i) G C* xC : l^f ||zf| < 
1}, where p and q are relatively prime natural numbers, p > 1, q > 2, 
consists of the mappings of the form 



where a G 0*(B), 9 G R. 
(4) Let T> C C be bounded and C G {C,C*}. The group of automorphisms 
ofVxC consist of the mappings 



where b G 0*(D) and e = ±1. 

The following lemma due to Stehle will be needed 

Lemma 11 ( [Stej ) . Let B be a Stein manifold. Then for any covering 
{U a } of B there is a locally finite covering {Bj}j eN and a family of strictly 
plurisubharmonic, continuous functions hj in a neighborhood of Cj, where 
Cj = IJi<j Bit suc h ^at 

(i) each Bj is relatively compact in some U a , 

(ii) Cj is Stein for any j, 

(Hi) hj < in Cj \ Bj and hj > 1 in the neighborhood (in Cj) of 



Theorem 12. Any Reinhardt domain D in C 2 of the form of rational 
type belongs to the class &. 

Remark 13. Note that the function satisfying the Stehle criterion does not 
exist for any domain appearing in the previous theorem. As an example 
let us take D x C. It is sufficient to observe that for any / G 0(B, C*) the 
mapping 



is an automorphism of D x C, and the growth of the function / may be 
arbitrarily fast. 




VxC3{X,z)^(a{X),f{X,z)), 

where a G Aut(X>). 

In the case when C = C the mapping f is of the form 

/(A, z) = b(X)z + c(A), A G V, zeC, 

where b G 0*{V) and c G 0(D). 

If C = C*, then the mapping f if of the form 

f(\,z) = b(X)z e , A G V, z 6 C», 



\ Cj-i n Cj, j g N. 



DxC9(A,z)-> (A, f(X)z) G © x C 
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Proof of Theorem UM The proof is divided into four cases. 

(a) First we focus our attention on the case when the fiber is equal to 
D = {(z,w) £ C 2 : \z\\w\ < 1}. 

We will modify the idea used by Stehle in the proof of Theorem [HJ Let 
7r : E — > B be a holomorphic fiber bundle with a Stein base B and a fiber 
D. As we have already mentioned, E is assumed to be given by the formula 

©• 

Using the description of the group of automorphisms of the domain D 
we get that for any b E Q a n Q@ a transition function r ai p is of one of two 
following forms: 

T a ,p(b,z,w) = (b, zf a> p(b, zw), e %6a ^ h) w / f a ,p(b, zw)) or 
T a; p(b, z,w) = (b,wf a: f3(b,zw),e Wa '^ b) z/f atl3 (b, zw)), 

{{z,w) £ D), for some f a ,p(b,-) £ 0*(B) and 9 a ,p(b) £ R. Since T a>/3 is 
holomorphic it follows that the mapping Cl a D 9 6 — > e 1 ® 01 ' 13 ^ £ <9ID) is 
holomorphic and therefore locally constant. 

Let 7r : B — )■ -B denote a holomorphic fiber bundle with the base B 
and the fiber D whose transition functions are defined by f ai p(b, A) = 
(6,e^^A), & £ fi a H fyg, A £ D. It follows from Theorem [9] that £ is 
Stein. Applying Lemma [8] to the family {7r _1 (fi a )} we get a locally finite 
covering {Bj} and a family of strictly plurisubharmonic continuous func- 
tions {hj} satisfying conditions (i)-(iii) of Lemma [TT1 Let 

p : E 3 [(&, z, w)\ -> [(&, zw)) £ £ 

be a natural surjection between E and E. 

For j £ N choose atj such that -Bj is relatively compact in 7r _1 (fi Qj ). Let 
Tj := T a . denote any trivialization of the fiber bundle 7r : E — >■ B defined on 
p- 1 ^- 1 ^)). Put 

/(&, w) = max{log + log + \w\}, (b, z,w) E B x C 2 . 

The choice of {-Bj} and a standard compactness argument guarantee that 
for any i,j £ BJ 

(5) sup{Z(rj o Tj(b, z, w)) — l(b, z, w) : [b, z, w] £ p^ 1 {B i fl -Bj)} < oo. 
Put 

Ui(ac) = exp (hi(p{x)) + Z(tl(x))Y aj £ p~ x {B^). 

Condition (jSj) allows us to choose constants <i £ (0, 1) and M > such 
that 

(6) rfMexp (i(t 2 (x))) < < 2Mexp (i(t 2 {x))), x E p (Bi n -B 2 ). 
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Define 

v 2 (x) = 2Mexp (/(r 2 (x))) exp ((l - h 2 (p(x))) log-), x ep~ l {B 2 ). 

It follows from the choice of d, M that if h 2 (p(x)) < 0, x G p~ 1 (B\ fl B 2 ), 
then t> 2 (x) < Moreover, if h 2 {p(x)) > 1, x G p~ 1 (Bi fl £> 2 ), then 

v 2 (x) > vi(x). Therefore putting 

{v x {x), x ep-\B 1 \B 2 ), 
max{v l (x),v 2 (x)}, x G p~ x {Bx n B 2 ), 
v 2 (x), x ep- 1 (B 2 \B 1 ), 

we obtain a plurisubharmonic continuous function defined on p~ 1 {BiVJB 2 ) = 
p-\C 2 ). 

Similarly, let d! G (0, 1), M' > be such that 

(7) dMexp (l(r 3 (x))^ < v 2 (x) < 2Mexp (z(t 3 (x))), x G p~\B z n C 2 ) 
Let us define 

w 3 (x) = 2M'exp ^/(r 3 (x)) j exp (^1 - /i 3 (p(x)) log^-j for xGp -1 ^), 
and 

{v 2 {x), x Gp-^CaXSg), 
max{w 2 (x),{; 3 (x)}, x G p _1 (C 2 fl i? 3 ), 
t5 3 (x), X6p- 1 (B 3 \C 2 ). 

Exactly as before we check that v 3 G VS'H(p^ 1 (C 3 )). 

Repeating this procedure inductively one may obtain a sequence of func- 
tions Vj G VS'H(p^ 1 (Cj)) such that Vj < Vj + i on p^iCj) and = Vj + \ on 
p-'(Q\/^:i). ' 

Since the covering {Bj} is locally finite, putting v = limjVj we define 
properly a plurisubharmonic function on E. 

Let m be a strictly plurisubharmonic continuous exhaustion function on 
E. It follows from the construction of the function v that 

(8) u = maxju o p, v} 

is a plurisubharmonic continuous exhaustion function on E. 

Now, in order to show the Steinness of E it suffices to repeat the argument 
used by N. Mok in the proof of the improvement of the Stehle criterion (see 
[Mok2j . Appendix III). 

(b) Let us consider the case when the fiber D is of the form D = {(z, w) G 
C 2 : < 1} for some natural relatively prime p, q, (p, q) 7^ (1, 1). 
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Let 7r : E — > B be a holomorphic fiber bundle with the fiber D. Using 
Theorem [TU] we infer that the transition functions are of the form 

(9) r a Ab,z,w) = LS(MV) Z ,e^^ ) , 

where a a ^ G 0*((Sl a fl Sip) x D) and Q a ,p{b) G R. Moreover, it may be 
shown that e %Qa ^ is holomorphic and therefore locally constant. 

Let tc : E — > B be a holomorphic fiber bundle with a fiber equal to 
.D = {(z,w) G C 2 : \z\\w\ < 1} and whose transition functions are defined 
in the following way 

(10) f a ,p(b,z,w) = (b,a a; p{b,zw)z,e i ^^ 1 . 

V a at)3 (b,zw)J 

A direct computation allows us to observe that 

(11) Ee[(b,z,w)]^[(b,z^w^}eE 

is a well defined proper holomorphic mapping. Therefore, by a result of 
Narasimhan in |Nar] (see also |Gra] ) the manifold E is Stein if and only if 
E is Stein. However, the Steinness of E follows from the previous case. 

(c) Now we will show that V x C G 6 for V G {D, D*, A(r)}. 
Suppose that is a holomorphic fiber bundle with the fiber T> x C and 

the Stein base Q = \^j a fl a - By Theorem [T0| any transition function of E is 
of the form 

r a> p(b, A, z) = (b, m a> p(b, A), f a> p{b, A, 2)), (6, A, z) G (fl a nfl^xDxC. 

It follows from Theorem [TDlthat m a> p(x, •) G Aut(X>) for any x G fi Q fl 
fi^ (it may be shown that m a ,p(x,-) does not depend on x on connected 
components of Q a H O^g). 

Let be a holomorphic fiber bundle with the base Q and the fiber "D, 
whose transition functions f a ,p G Aut((f2 a fl Qp) x X>) are given by the 
formulas: 

(12) f a>0 (b, A) = (b, m a ,p(b, A)), (6, A) G (0 Q n Sip) x P. 

By Theorem [91 is Stein. 

Now it is sufficient to observe that 

E3[(x,(X,z))]^[(x,X)]eE 

forms a holomorphic fiber bundle with the base E and the fiber equal to C. 
Using again Theorem |9] we get the Steinness of the bundle E . 

(d) To finish the proof of the theorem it suffices to show that D = 
{(z,w) G C* x C : I^Hw 9 ! < 1} G &, where p, q > 1 are relatively 
prime natural numbers, (p, q) 7^ (1,1). We proceed similarly as in the case 
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(6). Namely, once again we aim at reducing situation to the already solved 
case (c). 

Observe that D = {(z,w) 6 C, x C : \z p \ \w\ < 1}, p > 2 is algebraically 
equivalent to D x C* (take the mapping D 3 (z,w) — > (z p w,w) G D x C#). 
Therefore we may assume that q >2. 

Suppose that 7r : E — > B is a holomorphic fiber bundle. Then its transi- 
tion functions must be of the form 

(13) r ajP (b,z,w) = (6,^J(6,^),e^( 6 W-y ff (6,^)), 

{b,z,w) G (fi Q n fyg) x D, 

for some a Qj/3 G C*((fi a nfi ;3 ) x D) and 9 a> p(b) G R. It is seen that e i0a ^ may 
be chosen to be constant on connected components of Q a fl Vtp. Therefore, 
putting 

r aj p(b, A, z) = (b, e^-^X, za'J^b, A)), (6, A, z) G (0 Q nO^xDx C„ 

we obtain a holomorphic fiber bundle E with the base Q and the fiber DxC t 
such that a mapping given by the formula 

(14) E 3 [(x, z, w)] -> [(x, z v w\ z)\ G E 

is proper and holomorphic. 

The argument used in proof of (b) finishes the proof of this case. □ 

4. Irrational case 

Geometry of Reinahrdt domains have been investigated in several papers 
(see [Shilj . |Shi2] and references contained there). 

In [Koslj the author obtained a complete characterization of proper holo- 
morphic mappings between Reinhardt domains of irrational type. This 
characterization is of the key importance for our considerations. Therefore, 
in Theorem [TH we collect the most crucial part of it. 

Using Theorem [T4] we shall obtain in the proof of Theorem [15] a full 
description of the group of automorpisms of Reinahrdt domain of irrational 
type. As mentioned before, it turns out that this problem is connected with 
the famous Pell's equation. 

Recall that any Reinhardt domain of irrational type is equivalent to a 
domain of the type (a), (b) or (c). 

Theorem 14 ( [Kosl] . see also |5Ei2] ). (i) 

(a) If a G R\Q, then the set of proper holomorphic mappings between 
D a r and Dp >R is non-empty if and only if 

(15) ^^^gZ + /3Z and J^^- G Z + 0Z. 
log r log r 
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(b) Let a, (3 G R \ Q, and r, R > 1 be such that = Jfei + and 



a Togr = ^2 + ^2/9 /or some integers hi, i = 1,2. Tnen am/ proper 



l5 

holomorphic mapping f : Z) a>r — > -D/3,_r one of two following forms: 

(16) \/ W = tar"-*-*) 2 " (2l - 2) e D °- 

where a, 6 G C satisfy the equality \a\\bf = 1. 

Lei G R \ Q. T7ie set of proper holomorphic mappings between 
D* a and Dt is non-empty if and only if a = (ki + /%)/(&i + fih) for some 
kiJi G Z, z = 1,2. Moreover, if a = (fc 2 +/5Z 2 )/(^i + /5^i) ? where ki + li(3 > 0, 
inen any proper holomorphic mapping f : D* — > D% is of the form 

(17) f{ Zl ,z 2 ) = (az k 'z k 2 \bz^z 2 2 ), ( Zl ,z 2 ) G D* a , 

where a, b G C satisfy the equality \a\\b\P = 1. 
(raj Let a,P G R\Q. 

(a J //a > 0, /3 > 0, taen tae sei Prop(-D a , -D/jjl non-empty if and only 
if a = p(3 for some p G Q>o- In this case all proper holomorphic 
mappings between D a and Dp are of the form 

(18) (z h z 2 )^(z k l7 z l 2 ), 

where k, I are positive integers such that p — r. 

(b) If a < 0, (3 < 0, then the set Prop(D a , Dp) is non-empty if and only 
if a = pi + P2P for some rational Pi,P2, Vi 0- In this case proper 
holomorphic mappings between D a and Dp are of the form 

(19) 

where ki, k 2 , 1, k\ > 0, are integers such that p\ = i p 2 = 

(c) If a (3 < 0, then there is no proper holomorphic mapping between D a 
and Dp. 

Our aim in this part of the paper is to show the following 

Theorem 15. Let a G R \ Q. Then 

(a) D* a £ & if and only if a = p± Jq for some p, q G Q, q > 0, 

(b) D a e& for any a G R \ Q, 

(c) D Q , r G & for any a G R \ Q, r > 1. 

Proof, (a) It follows from Theorem [TH that every automorphism of the do- 
main D* a is of the form 

(20) ( Zl ,z 2 )^(az^ Z ^M4), 



3 Prop(£>, G) denotes the set of proper holomorphic mappings between D and G. 
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where |a||6| a = 1 and ki,k 2 ,h,l 2 & Z are such that kil 2 — k 2 l\ = ±1, 
a = (k 2 + l 2 a) / {k\ + ha) and k\ + ha > 0. 

These conditions imply that if a is not of the form p±^/q for any rational 
p, q, then ki — l 2 — 1 and k 2 — h = 0. In other words any automorphism of 
D* a is of the form (zi,z 2 ) —> (azi,bz 2 ), a, b G C, |a||6| a = 1. Therefore, the 
plurisubharmonic function u given by the formula 

u(zi, z 2 ) = max I p-r, — -, log |zi|, - log |zi|, log |^ 2 |, - log \z 2 \ 

11 - zi 2 2 r 



(zi, Z2) £ -Do, satisfies the Stehle criterion, hence D* a G <5. 

Suppose now that a = £ ± for some p, g G Z, g > 0, n G N. 

We are looking for ki, U G Z, k\ + ah > such that (1201) defines an 
automorphism of .D* . Then the following equations are satisfied 



r>2 



(2D ^"^foP,^' and l^-^M 

'2 — Kl + ^-'1, 



Consider the so-called Pell's equation of the following form: 

x 2 -l 



(22) n 2 q 



y 2 



It was shown by Lagrange that ( 1221) has infinitely many integer solutions 
(recall that q is not a square of a natural number). Let x, y, x, y > 0, denote 
the arbitrary natural solution of this equation. Put 

(23) h = n 2 y, k 1 = x—pny, k 2 = y(q — p 2 ), and l 2 = x + pny. 

It is a direct consequence of (122]) that x ± ny^fq > 0, hence fci + ct/i > 0. 
An easy computation shows that each condition in (|2"T|) is satisfied by such 
chosen intee; ers kijlij i — 1,2. 

(k k \ 
, , J > 2 so it follows from Theorem 1 in [Zafj that 

D £6. 

(b) It follows from Theorem [TD that any automorphism of D a is elemen- 
tary algebraic. The automorphisms must also preserve the axis {0} x C* 
(when a > additionally the axis C x {0} is also preserved). From this 
piece of information one may conclude that any automorphism of domain 
D a is of the form 

(24) {zi,z 2 ) {az 1 ,bz 2 ), (z 1 ,z 2 )eD a , 
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where a, b G C, |a||6| a = 1. Therefore the functions u + ,U- given by the 
formulas 

u + (zi, zq) = max /- j — - — — , log \zi\, log \z 2 \\ , when a > 0, 

and U-(zi, z 2 ) = max{u+(zi, z 2 ), — log \z 2 \} , when a < 0, 

satisfy the criterion of Stehle. 

(c) Similarly as before we easily find from Theorem [TH that the group of 
automorphisms of D a>r consists of the mappings of the form: 

(25) (21,22) -> {az{,bz 2 ), {zi,z 2 ) G -D a , r , 
where e = ±1 and a, 5 G C, |a||6| a = 1. Thus the function 

I \ / kl||22| a 1 , 2 I I 1 2 I 

u(zt, z 2 ) = max < - — - — - — -, : — - — -,log \z x , log \z 2 

{r\zi\\z 2 \ —1 r— \zi\\z 2 \ a 

(zi,z 2 ) G D a , satisfies the criterion of Stehle. □ 

5. The case when D nCl is hyperbolic 

For a pseudoconvex Reinhardt domain D in C n let I{D) denote the set 
of i = 1, ... ,n, for which the intersection (C* -1 x {0} x C n_l ) fl D is not 
hyperbolic (viewed domain in C n 1 ). Put 

(26) D hyp = D \ ( |J (C^ 1 x {0} x C"-*)). 

te/(£>) 

With a Reinhardt domain Z) we associate the following constant: 
t(D) := the number ofi = l,...,n, such that D n (C i_1 x {0} x C n ^) ^ 0. 

Example 16. Put D x := {(z,w) G C x C : \z\ < 1, \zw\ < 1} and 
D\ := {(z,w) 6 C, x C : |z| < 1, \zw\ < 1}. T/ien &ot/i D\ and D 2 are 
non-hyperbolic. Observe that t(D l l vp ) = 1 and t(D 2 vp ) = 0. 

For a non-hyperbolic pseudoconvex Reinhardt domain DcC 2 such that 
jjhyp j g hyp erDO n C the number t(D hyp ) is equal either to 1 or to 0. 

First we shall focus our attention on the case t(D hyp ) = 1. We start with 
the following 

Lemma 17. Let D be a non-hyperbolic, pseudoconvex Reinhardt domain in 
C 2 . Assume that the logarithmic image of D contains no affine line and the 
group of automorphisms of D hyp is compact. Then Aut(-D) is also compact. 

Proof. Take any sequence (<f n ) n C Aut(D). Since for any cp G Aut(D) the 
restriction <y9| D h HP is an automorphism of D hyp (see e.g. [Kos2j, Theorem 
8), we may assume that {fn\ Dhyp )n is convergent locally uniformly on D hyp . 
Applying the Cauchy's formula we infer that ((p n ) n is convergent to some 
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holomorphic function on D. Repeating the above argument for the sequence 
(^ 1 ) n immediately gives the desired result. □ 

The problem of a characterization of automorphism groups of bounded 
Reinhardt domains was studied in [ShilJ (see also [Isa-Kraj . |Isa-Kruj and 
papers quoted there). 

The results obtained in |Shil] and |Kruj together with remarks from 
[Pfl-Zwoj lead us to the description of pseudoconvex hyperbolic Reinhardt 
domains with t — 1 and non-compact automorphism group. For our future 
use we recall here the version formulated in |Pfl-Zwoj . 

Theorem 18 (see [Kru] . [ShTTj and |Pfl-Zwoj . Theorem 4). Let D be a hy- 
perbolic, pseudoconvex Reinhardt domain with t(D) = 1. Then Aut(D) is 
non-compact if and only if D is algebraically equivalent to one of the fol- 
lowing domains: 

(a) D x A(r, 1), where < r < 1. In this case the group of automorphisms 
consists of the mappings of the form D 3 (zi, z 2 ) — > (0(24), b(z 2 )) G D, 
where a G Aut(D) and b G Aut(A(r, 1)). 

(b) {(zi,z 2 ) G C 2 : |zi| < 1, < \z 2 \ < (1 - \z 1 \ 2 ) p/2 }, p > 0. In this 
case the group of automorphisms consists of the mappings of the form 
D 3 ( Zl ,z 2 ) -> ( a ^- n ^ml Z2 ) e Dj where \ a \ = I7I = 1, /3 G C. 

(c) {(zi,z 2 ) G C 2 : < \z 2 \ < exp(— |-2i| 2 )}. In this case the group of 
automorphisms consists of the mappings of the form D 3 (zi,z 2 ) — > 
(az 1 + /3,7exp(-2a^i - \ f3\ 2 )z 2 ) G D, where \a\ = \j\ = 1, G C. 

The following lemma will be also needed: 

Lemma 19 (see |Kos2] . Theorem 2). Let D, G be pseudoconvex Reinhardt 
domains in C 2 . Let <p : D — >• G be a proper holomorphic mapping. Assume 
that the logarithmic images of domains D and G contain no affine lines. 
Then 

ip(D hyp ) C G hyp 

and the restriction 

ip\ DhyP : D hyp -)• G hyp 

is proper. 

Theorem 20. Let D C C 2 be a pseudoconvex non-hyperbolic Reinhardt 
domain witht{D hyp ) = 1. A ssume additionally that the logarithmic image of 
the domain D hyp contains no affine lines. Then the group of automorphism 
of domain D is compact. In particular, the answer to the Serre problem for 
the domain D is positive. 

Proof. In view of Lemma [T7] it suffices to prove the theorem for domain D 
under the additional assumption that Aut(D hyp ) is non-compact. Then it 



SERRE PROBLEM 



15 



is a consequence of Theorem [18] that up to a multiplying and a permutation 
of components D must have the form: 

(a) {(zi,z 2 ) E C 2 : \z\Z 2 \ < 1, l^l < 1}, where G Z >0 , 

(b) {(^x, z 2 ) e C 2 : j^i^l | < l, I ^ 2 1 < (i - ki-zf l 2 ) p/2 } ; f° r some V > 0, fee 

Z>0, 

(c) {(*!, za) G C 2 : \z 2 \ < exp(-|zi4| 2 ))}, k E Z >0 . 

Moreover (see Lemma fT9l) any automorphism of the domain of one of the 
forms presented above preserves the axis C x {0}. This fact and Theorem [TBI 
lead to the statement that the group of automorphisms of the domain D in 
all cases (a),(b) and (c) consists of the mappings of the form 

D 3 (zx,z 2 ) -> (azi,bz 2 ) E D, 

where \a\ = \b\ = 1. Therefore Aut(D) is compact in all contradic- 
tion. □ 

Let us pass to the remaining case t(D hyp ) = 0. An important role in our 
approach is played by the following result 

Theorem 21 (see [Km], |Shil] ). Aut(D) = Aut a i g (D) for any pseudoconvex 
hyperbolic Reinhardt domain DcC" 

Theorem 22. Let D C C 2 be a non-hyperbolic pseudoconvex Reinhardt 
domain such that D hyp is hyperbolic and t(D hyp ) = 0. Then D G &. 

Moreover, the group of automorphism of D is non-compact if and only if, 
up to a permutation on components, D is contained mCxC t , {0} xC, C D 
and 

(27) log£> = {(t,s) : t<if)(s), s E R}, 

where ip '■ R — > R is a concave function satisfying the property ip((3 + s) — 
if)(s) = a + ks, s G R for some a, /3 E R, (3 ^ 0, k E Z*. 

Proof. Using the inclusion Aut(D)\ D hy P C Aut(D hyp ) (Lemma [T^]) and The- 
orem [5TJ we state that any automorphism of D must be algebraic. Moreover, 
at least one of the axis {0} xC», C* x {0} must be contained in D (otherwise 
D would be hyperbolic). 

Suppose that both axes are contained in D. Then, since any automor- 
phism of D maps the axes onto the axes (use Lemma [T9]) . we see that the 
group Aut(-D) consists of the mappings of the form 

(28) D 3 (zi, z 2 ) ->■ (azi, bz 2 ) E D or 

(29) D 3 (zi,z 2 ) — >■ (az 2 ,bz 1 ) E D. 

for suitable a,b E C*. We shall show that \a\ = \b\ = 1 in the case (I281) . 
Moreover, we shall prove that there is R > such that for any automorphism 
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satisfying ( 1291) \a\ = R and |6| = 1/R. This in particular means that Ant(D) 
is compact. 

Let us take any ip G Aut(D) of the form (|28|) . 

Assume a contrary, i.e. (log |a|, log |6|) 7^ (0, 0). For 116N put = p o 
...ope Aut(D) and <^" n ) = (p" 1 )^). Since ¥>< n) (zi,z 2 ) = (a n zi,& n z 2 ) G -D 
for any (21, 22) G -D passing to the logarithmic image of the domain .D easily 
shows that R(log |a|, log |6|) +logZ) C logD. This is in a contradiction with 
the hyperbolicity of D hyp . 

Assume that (p : (zi,z 2 ) —> (az 2 ,bzi) is an automorphism of the do- 
main D. Repeating the previous reasoning applied to an automorphism 
(p^(zi,z 2 ) = (abzi,abz2) we immediately see that \ab\ = 1. Therefore it 
suffices to show that for any other automorphism (p : (z\, z 2 ) — > (aiz 2 , biZ\) 
of D the following relations holds: |ai| = \a\ and = However, these 
relations also follows from the above reasoning applied to <p o tp(z\, z 2 ) = 
(a±bzi, ab\z 2 ). 

This finishes the proof of the compactness of Aut(D) in this case. 

Suppose that only one axis is contained in D, e.g. {0} x C* C D. We use 
the idea applied by P. Pflug and W. Zwonek in |Pfl-Zwoj . 

Assume that the group Aut(D) is non-compact. Note that D fl (C x 
{0}) = 0. As before, using the fact that automorphisms preserve the axis 
(Lemma IT9|) . we see that Aut(D) consists of the mappings of the form 

(30) $ = $ oM>e : (zi, z 2 ) -> {azt4, bz 2 ) 

for some a, b G C*, e = ±1 and fcGZ. 

(f) We shall show that there exists an automorphism § a ,b,k,e of the domain 
D with |6| 7^ 1 and e = 1 (then also k 7^ 0). 

First observe that there is an automorphism of the domain D of the form 
(I3"0"j) with k 7^ 0. To show it repeat the argument from the first part of the 
proof to observe that \a\ = \b\ = 1 for any automorphism $ a ,b,o.i- Moreover, 
there exists R > such that \a\ = R, \b\ = 1/R for any automorphism 
$a,6,o,-i- So if there were no automorphisms of the form fl30|) with k 7^ 0, 
then the group Aut(D) would be compact. 

If there is an automorphism $ of D of the form (1301 with e = 1 and k 7^ 0, 
we are done. Actually, & n '(zi,Z2) — {a n b kn ^ n ~ 1 '' 2 Z\z 2 k ^ b n z 2 ) and using the 
hyperbolicity of D hyp once again, we find that |6| 7^ 1. 

Thus, to prove (f) it suffices to consider the case when any automor- 
phism of the form (130]) with k 7^ satisfies e = —1. Since &^b k _ x {zi,Z2) = 
((a 2 b k ) n zi, z 2 ), 11 G Z, we see that \a 2 b k \ = 1. So there is an automorphism 
&ahk-i sucn that H 7^ \b\ or k ^ k (as Aut(D) is non-compact). Let us 
compute 

$a,6,fc,-l ^a,b,~k ,-1 = $ ao6*,i,ife-M- 
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If |6| 7^ \b\, then the statement is clear. Otherwise k ^ k. But this is in a 
contradiction with the assumption that any automorphism of the form (I30p 
with k 7^ satisfies e = — 1. 
So we have shown (f). 

Properties of pseudoconvex Reinhardt domains imply that for any s£l 
there is (exactly one) ip(s) G R such that (ip(s),s) G dlogD. Moreover, it 
is an immediate consequence of the inclusion {0} x C* C D and convexity 
of log-D that the function ip(-) is concave. Put 

V{ZI, z 2) = log | - iflQog \z 2 \). 

For fixed (z 1 ,z 2 ) G £>nC 2 put (t,s) = (log \z x \, log \z 2 \). Let $ = $ a > jb > jk ',e 
be an arbitrary automorphism given by the formula ( I30p . 

Denote (tf, s') = (log \$i(z)\, log \$ 2 (z)\). It is seen that (t',s') = (log |a'|+ 
t + k's,\og \b'\ + es). 

Since $((dD) n C^)) = (d$(D)) n Cj, we see that 

(31) (V>(s')> s ') = (log |a'| + + k's, log |6'| + es). 
Therefore if>(s') — t' = i[)(s) — t. In other words 

(32) tio$ = t> for any $ G Aut(D). 
Define 

w(«i,«2) = max {logl^l,- log |z 2 |, -(^(^i, ^)) _1 } , (zi, z 2 ) G D. 

A direct calculation (approximate and compute the Levi form) shows that 
u is plurisubharmonic. Moreover, u is an exhausting function for D. In view 
of (|32|) u satisfies the criterion of Stehle. 

Using (f) and the property (|3~T|) once again we find that ^(log |6| + s) — 
ip(s) = log \ a\ + fcs. From this we obtain a desired properties of the function 

' 

Conversely, having a domain D C C x C, satisfying (|27|) one may easily 
see that the mapping $ given by the formula (1301) with b = e 13 , a = e a , e = l 
is an automorphism of the domain D. The investigation of &( n ^ immediately 
proves a non-compactness of Aut(-D). □ 

6. CxC, 

In 1977 a negative answer to the Serre problem was given by H. Skoda 
who proved that C 2 ^ (3. This construction was improved in |Demlj by 
J. P. Demailly who proved that polynomial automorphisms of C 2 may serve 
as the transition function. Later in |Dem2] J. P. Demailly constructed a 
counterexample to the Serre problem with a plane or a disc as a base. 

Let us recall here this construction. The base Q is a domain containing 
3D. Put Q = Q\ {-1, 1}, Q 1 = Q Q U {1}, Q 2 = Q U {-l}. The transition 
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functions Tjj : Q{ x C 2 — > Qj x C 2 , 2 7^ j of the fiber bundle E are defined 
as follows: 

r ,i(x; zi,^) = z 1 ,z 2 exp(z 1 u(x)), 
T 0t2 (x; z 1 ,z 2 ) = (x,z 1 exp(z 2 u(x)),z 2 ) 

and 71,2 = TcTi to,2, where u(x) = exp(3^__). It is clear that any plurisubhar- 
monic function V on E induces plurisubharmonic Vj such that Vj = VkOTkj- 
The idea of the proof relied upon comparing the maximum of the functions 
Vj over the poli discs |D x (rD) 2 , r >> 1. More precisely, it was shown that 

(33) M{V , ^D, exp(r/32)) < M(V , ^D, exp(log 3 r)) + C, r » 1, 

where M(V,Co',r) = max^x^iyp and the constant C does not depend on 
r. The key role was played by the logarithmic convexity of the functions 

(p,r) -+ M(V,pD,r), V e VSU{Vl x C 2 ). 

Direct computations allows us to obtain logarithmic convexity of the func- 
tion (p, r) — > maXpB)xrDxA(r) V f° r an y ^ ^ VS7i(ft x C x C*). Therefore 
considering M instead of M, where M(V,u,r) = max^ xr .DxA(r) V and re- 
peating the reasoning from Demailly's paper we may replace M by M in the 
inequality (|33|) . This, together with mentioned above logarithmic convexity 
of M immediately shows that CxC» does not belong to (3. 

7. Proofs of the main theorems 

Proof of TheoremUi The result follows from TheoremfT^J Theorem[n3, The- 
orem [20] and Theorem [22j □ 

Proof of Theorem^ It is clear that if log D contains an affine line, then the 
group Aut(-D) is non-compact. 

In the case when logD contains no affine lines (i.e. D hyp hyperbolic) the 
result follows immediately from Theorems [20] and [22j □ 
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